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r ≤ L °<bdcfhz{uwh8yv~¥³{hz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X = {x(t), t ≥ 0} {} Y = {y(t), t ≥ 0} xh=~¥uh8}Zvx~¥y8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~¤ª |y0 − x0| ≤ r °\Ífxz{g}fzD¦ z{}=¦,h{txt®|fgh²vcv |y0 − x0| > r °Á»hxh²~¥}Zvxhxh8t®vh~¤}
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0 ≤ x0 < y0 ≤ L
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x0 + r < y0
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Z = {z(t) = (u(t), v(t)), t ≥ 0} *(0   u0 = u(0) %
= v0 := v(0)%
=  ('(1'   % 0 ≤ u0 ≤ R 
  0 ≤ v0 ≤ R *2>  
τR := inf{t ≥ 0 : u(t) ∈ {0, R}
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v(t) ∈ {0, R}}
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vxcfh'h­u:hy¨vhv~¥g´hj}fhhuh8ªBzZvxcfhvw¦,z{¸ u~¥gh}t~¥z{}{£X½"xzJ¦l}f~}Vg´z{v~¥z{} {(x(t), y(t)), t ≥ 0} vxzcf~¤vXvcfh,u~Zz{}{£zªsvcfhNvx~}fZ£¤h¿B~Ø° hZ°«vxzcf~¤vXvcfh£¥~¤}h
y = x+r
À¹{~¥³{h}²vxcDv
(x(0), y(0)) = (x0, y0)
°
¿^bdcfhfxzuyhtt {(x(t), y(t)), t ≥ 0} ~t´vw¦,z{¸ u~¥gh}t~¥z{}{£«½"xzJ¦l}~¥{}=gzv~¥z{}Ât®~¥}yh {x(t), t ≥ 0}{} {y(t), t ≥ 0} xh²:z{vc=~¥}uh8:h}uh8}Zv½"zD¦l}f~}g´z{v~¥z{}t8°ÓÀ½,r»|t®~¥}fvxcfh·y£{txt®~y{£6ghvcfzu zªd~¥g{{ht<¿Rthh





2(L− r) Är √2(L− r) tcfzJ¦l}·~¥}=Í3~¤Z|fh²j{~¥³{h}
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TL,r(x0, y0) = τ√2(L−r)
(
(y0 + x0 − r)/
√
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y = x + r
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m2n2(m2+n2) ≈ 0.52792664. 




















































































h(u, v)|J(u, v)| dv du
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h(u, v) = h(
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u, v ∈ [0,
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0 ≤ xi(t) ≤ L
¿
i = 1, . . . , I














































i = 1, . . . , I − 1 °bdcfzZ|f{cfzZ|uvvcf~tth8yv~¥z{}V¦"h'Ztt|fgh@vc$Dv
L ≤ r ≤ 2L °bdcf~tZtt|fguv~¥z{}V~tg<{uhªBz{vchtx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i = 2, . . . , I − 1 ¶:t~¥}yh@vxcfh':zÄt®~¤v~¥z{}Vzª Xi ¦lcfh8}vxcfhv9}$twªBh8:hv¯¦,h8h} Xi−1 {} Xiv9§{h8tdf£{yh5~¥tl}fzv|f}f~¤ªBz{xg ~¤}
[iL, (i + 1)L]
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9yz{ghvcf~tu~"!<y|f£µvwrZ¶f¦,h@Ztt|fgh²vcvdvxcfh½,xzD¦l}f~¥{}·gz{v~¥z{}t































































L ≤ r ≤ 2L °
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q(y;x) =




































 ÑÓÙ×®Ô6ÒÓÖ¯× p(x) Þ{Ö,×^âJÖdäR× Ðx×^ÑÓÝ¨ÙDÐ9Ü > @JÖwÙJäØÑ × >@áJÜ^Ý¨ÞJÐ¨ÞÑÓÒÓÑ × >@×ØâDÐx×\×^âJÖdÏlÝ¨ÞJÑÓÒÓÖÑÓä6ÑÓÙáÝ¨ä^Ñ ×ØÑÓÝ¨Ù x ∈ [0, L] Ú
	8Ý¨Ò à8ÑÓÙJß×ØâÖ @JÑ  BJä^ÑÓÝ¨Ù²ÖBJÐx×ØÑÓÝ¨Ù D∂2p(x)/dx2 = 0 CXÑ ×Øâ×^âJÖNÜ^ÖDÖ=¯×ØÑÓÙJß5=wÝ¨Ù@JÑ ×^ÑÓÝÙä dp(x)/dx = 0 æ¤Ý¨Ü x ∈ {0, L} Ð9Ù@×ØâÖÙJÝ¨ÜRÏÐ9ÒÓÑ®ÑÓÙß =wÝ¨Ù@JÑ ×^ÑÓÝ¨Ù ∫ L
0
p(x)dx = 1 >ÑÓÖwÒ @Jä p(x) = 1/L æ¤Ý¨Ü x ∈ [0, L]  äØÖwÖ\Ö¨Ú ßJÚ H E áÄÚH Ú
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J     %
 $ 





2m sin(nθ) − 2n sin(mθ)
m2 − n2 , bm,n =
sin
(














(m + n)π − mθ
)
m + n
















i = 1, . . . , I − 1 °h¬}fh
fi(x)
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T2L,r(x, y + L) dx dy,
¿wZÀ
sr´|t~¤}f¿ ÄÀN}
T2L,r(x, y +L) = 0
~¤ª
x+ r ≤ y +L °Nps~¥g~¤£vzvcfh²uhx~¤³Dvx~¤zZ}zª¿^{À\¦"hZhv
IE[T1] =






















T2L,r(x, y + L) fi(x) dx dy,
¿®8ZÀ


















i = 2, . . . , I − 1 °~ Qhxh}Äv~Dvx~¤}f<~¥}
y
z{}=:z{vct~uh8tdz{ª)vcfh@~uh}Äv~¤vwr
P (xi(Ti−1) < y) =
∫ L
0









q(y;x) fi−1(x) dx, 0 ≤ y ≤ L,
¿w8ÄÀ
ªBzZ
i = 2, . . . , I − 1 °\bdch8th5ht®|£µv9tl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fi(x) $ i = 2, . . . , I − 1 $ ( 	 (' $ '!'@$'(	 %
   ! 	  f1(x) = 1/L * 
@%$ "	 9'@%$ $
IE[T1] =
64 (2L − r)4
Dπ6L2
C0. 








































































































8     %
 $ 































































































































{2, 3, 100} ¿BQsª6zª6twv9v~¥}f´£¤zuy8Dvx~¤zZ}·z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bdcfhuh8}t~µvwrÃfxz{$f~¥£¤~¤vwr
q(x, t;u0)
vxcDv´vxcfh½"xzJ¦l}f~}Kg´z{v~¥z{} {u(t), t ≥ 0} ~¥t´~¥} :zZt~µvx~¤zZ}
x ∈ (0, R) vjv~¥gh t ¶NZ~¤³{h8}ÃvxcDv u(0) = u0 {}Ãvc$Dv´vcfh½"xzJ¦l}~¥{}Ãgz{v~¥z{}Kc{t´}fzv:hh}{t®zZ:h
|f=vxz´v~¥gh
t
















ps~¥}yh {u(t), t ≥ 0} } {v(t), t ≥ 0} xh'~¤}fh:h}$uh}Zv}Â~uh}Äv~y£\½"zD¦l}f~}Vgzvx~¤zZ}t8¶:¦,huhu|yhdªBxz{g/vxcfh{:zJ³{h"vcv\vxcfhuh8}t®~¤vwr'fxz{{f~¥£¤~¤v¯r













p(x, y, t;u0, v0) = w(x, t;u0)w(y, t; v0). 0 < x, y < R.
¿wZÀ
i,zZ}u~¤v~¥z{}fhaz{}
z(0) = (u0, v0)
¶)vcfh·fzZ~¤£¥~µvwr


















































































w(x, t; ·) ~¤} x ∈ [0,∞) ¿R:h8y{|th |w(x, t; ·)| ≤
1/(1 − exp(−(π/R)2Dt)) À{£¤£¥zJ¦tzZ}fh'vz~¥}Zvxh9yxc{}f{h'~¥}Zvxh{9£6}¾t®|g´g<v~¥z{}»t®~¥{}t~¥} ¿wÀ¨°ºzvhjvc$Dv8¶X{th­s:hy¨vh¹¶
S(0;u0, v0) = 1
t~¤}yh ∑
i≥1 sin((2i − 1)x)/(2i − 1) = π/4
ªBzZ5£¥£






















































































S(t; ·, ·) ~t|}f~µªBzZg£¥rÂyz{}s³{hx{h}Äv~¥} [0,∞)¿^t®~¥}yh
S(t; ·, ·) ≤ 1 ªBz{£¥£ t ≥ 0 sruh¬}f~¤v~¥z{}z{ª S(t; ·, ·) À"vz<~¥}Zvxh9yxc{}f{h²vxcfht|fgg<Dvx~¤zZ}{}vxcfh@~¤}Ävh8{9£¹t~¥{}td~¥} ¿® ZÀvxzZ~¤³{h<¿wZÀ°\bdcf~tlyz{}y£¤|fh8t"vxcfh@fzuzªw°


















x(t) + r ≥ y(t) + L °kthx³{h5vc$Dv T = 0 ~¤ª
D6D Ù%EGFHJII
      %
 $ 
=    	

x(0) + r ≥ y(0) + L °\Áah@c³{h









































































































































































































(R − x′0, R − y′0)
¶fzZ
(R − y′0, R − x′0)
°Nbdcf~¥tl{~¥³{h8t
g(y;x0, y0) =ξ (x
′, 0;x′0, y
′
0) + ξ (x
′, 0; y′0, x
′
0)
+ ξ (x′, 0;R−x′0, R−y′0) + ξ (x′, 0;R−y′0, R−x′0) .
¿^{ZÀ
ºzvhdvcvN{£µvxcfz{|{c
ξ(x′, 0; ·, ·) }fz5£¥z{}fZh\yz{}Zv9~¥}t y′ ¶{~¤vtwvx~¤£¥£uh:h8}ft\z{} y ¶ x0 ¶Z{} y0 vxcfzZ|f{c
x′ =
√












































j(x′, t) = D
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